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Abstract 

We discuss the geometrical connection between 2D conformal field theories, 
random walks on hyperbolic Riemann surfaces and knot theory. For the wide 
class of CFT's with monodromies being the discrete subgroups of SX(2,IR) the 
determination of four-point correlation functions are related to construction of 
topological invariants for random walks on multipunctured Riemann surfaces. 



Introduction 



The behavior of systems consisting of chain-like objects can be modified in an essential 
way by topological constraints. The topological problems have been widely investigated 
in connection with quantum field, string theories and quantum Hall effect fl[], vortices 
in superfluid liquids ( 3 He, 4 He) |2| and thermodynamic properties of entangled poly- 
mers p, U etc. In the last few years there has been much progress in understanding 
the relationship between Chern-Simons conformal field theory on the one hand and 
constructions of knot and link invariants on the other hand (see, for general references 
II H). However, despite the general concepts have been well elaborated in the field- 
theoretic context, their application to the related areas of mathematics and physics has 
been highly limited. 

In this note we indicate how the simple geometrical constructions originating from 
the theory of representations of braid groups enable us to unite such at first sight different 
objects like CFT, random walks on hyperbolic surfaces and knot invariants. The main 
physical application due to this approach is the evaluation of four-point correlation 
functions in CFT on the Riemann surface associated with the discrete subgroups of the 
group SX(2,R). 

1 Random Walk on Punctured Plane and Confor- 
mal Field Theory 

We start with the random walk of length L and the elementary step £ (i = 1) on the 
complex plane C\ = {z\ z = x + iy} with two punctures. Suppose the coordinates of 
these points being Mi (zi = (0,0)) and M 2 [z 2 = (a, 0)) (a = 1) (such choice does 
not indicate the loss of generality). Consider two closed paths on C\ and attribute the 
generators g\, g 2 of some group G to the windings around the points M% and M 2 . if we 
move along the path in the clockwise direction (we apply <ft~ x , g 2 l ). The question is: 
what is the probability P(fi, L) for the random walk of length L on the plane C\ to form 
a closed loop with the primitive word written in terms of generators {gi, g 2 , gf 1 , g 2 1 } to 
have the length \i. 
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The function P(/x, L) can be written as a path integral with a Wiener measure 



P(/i,L) = i/.../^}exp|-| o ^^j ds\ 5 [W{ 91 , 92,9^,9^}-^} (1) 

where O = / P(fj,,L)d/j, and . . \z} is the length of the primitive word on G as 
a functional of the path on the complex plane C\. Conformal methods enable us to 
construct the topological invariant W for the group G. 

To construct explicitly the topological invariants W for general group G we go to 
the universal covering of double punctured plane C\. This covering is isomorphic to 
the upper half-plane H — {(\ ( — £ + iX X > 0}. The fundamental domain of the 
group G{gi, #2} has the form of the curvilinear triangle in TL. Each fundamental domain 
represents the Riemann sheet corresponding to the fibre bundle above C\. The universal 
covering space Z(() is the unit of all such Riemann sheets. 

Coordinates of ends of the trajectory on Ti can be served as the topological invariant 
for the path on double punctured plane C\ with respect to the action of the group G. It 
should be emphasized that this invariant is complete for our purposes. In particular, co- 
ordinates of initial and final points of any trajectory on 7i determine: (a) the coordinates 
of corresponding points on C\\ (b) the homotopy class of any path on C\. The paths on 
7i are closed if and only if W{gi, g2\z} = 1, i.e. they belong to the trivial homotopy 

class. After Fourier transform P(/i, L) = ^ / e~* PM P(g, L)dp the function P[p, L) co- 

—00 

incides with the Green function P(r , r = r ,p, L) of the non- stationary Schrodinger-like 
equation 

9 -P(r , r,p, L) - (\v - ipA(r)) 2 P(r , r,p, L) = S(L)S(r - r ) (2) 
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dL ^---'-'^ V2 

for the free particle motion in a "magnetic field" with the vector potential A(r) defined 
by the monodromy properties of the group G; p plays the role of a "charge" and the 
magnetic field is transversal, i.e. rotA(r) = 0. On the complex plane C\ the field A(z) 
is determined as A(z) = d((z)/dz. 

Now let us construct the desired conformal mapping. The single-valued function 
z(Q = C^ 1 {z) is defined in the fundamental domain of the group G on 7i. The multival- 
ued function </)(() is determined as follows: (a) in the fundamental domain <p(() = z(Q; 
(b) in all other domains on Ti the function <p(() is analytically continued through the 
boundaries by means of the fractional transformations that are generated by G. 
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Consider two basic contours Pi and P 2 on TC being the conformal images of the 
contours Ai(z) and A 2 (z) corresponding to the generators g\ and g 2 of G. The function 
cf)(z) (z ytz {zi, z 2 , 00}) obeys the following transformations: 



z — > z 



ax<f)(z) + b x 
Ci4>(z) + di 



A 2 

z — > z 



a 2 (f)(z) + b 2 
c 2 (j)(z) + d 2 



where 




9\\ 
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(3) 



(4) 



are the matrices of basic substitutions of the group G{gi,g 2 }. 

Assuming ((z) to be a ratio of two fundamental solutions, Ui(z), and, u 2 (z), of some 
second order differential equation with branching points {z\ = 0, z 2 = 1, z 3 = 00}, we 
conclude that the solutions u\(z) and u 2 (z) undergo the linear transformations when the 
variable z moves along the contours A±(z) and A 2 (z): 



Ui{Z) 

u 2 (z) 
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Ul{Z) 

u 2 (z) 



Ao(z) 



Ul{Z) 

u 2 (z) 
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Ui{Z) 

u 2 (z) 



(5) 



The problem of restoring the form of differential equation from the monodromy 
matrices gi and g 2 of the group G is known as Riemann-Hilbert problem and has a long 
history [§, [J. 

Let us consider the special class of triangle groups — so-called Hecke groups H{h): 
m J\ h \ sJ\\\ (6) 





where h = 2cos^ and q = 3,4,5,6,... (the case h = 1 corresponds to PSL(2,Z.)). 
The fundamental domain of the Hecke group is the circular triangle ABC with angles 
{0,f,f} lying on H. 

The function ((z, q) = Ui(z, q)/u 2 (z, q) performs the conformal mapping of Imz > 
with three punctures (0, 1, 00) to the interior of the triangle ABC on 7i, where U\(z, q) 
and u 2 (z,q) are the fundamental solutions of Picard-Fuchs hypergeometric equation 
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z(z - l)u"(z, q) + 



\z 



u'(z,q) + 
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u(z,q) = (7) 
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The former geometrical construction is evidently related to CFT. Eq.(0) can be as- 
sociated with the equation on the four-point correlation function of some critical CFT. 
The question remains whether it is always possible to ajust the parameters of the corre- 
sponding critical CFT to the coefficients of equations like (|7|). In some particular cases 
this question has positive answer and we describe briefly the general construction. 

Consider CFT characterized by the parameters |A 1; A 2 , A 3 = Ax + A 2 - A (12) , 5} 
which determine the conformal dimensions [|TTJ. Suppose that (p(z) is the primary field. 
The four-point correlation function (if(zi)if(z2)(f(zs)if(z)) satisfies the partial differ- 
ential equation, that follows from the conformal Ward identity [ll], [l!|. Introducing 
anharmonic ratio in the standard way, we get 

3 d 2 n 1 \ d /Ai A 2 5 + A ( 



2(25 + 1) dz 2 



1 

- + 

z z 



lj dz 



H12) 

z(z-l) 



ip(z\0, 1, 00) 







Recall, that 5 = A( n)OT ) = ^(c — 1) + (^a + n + |a_m) 2 where a± 
are positive integers and c is the central charge of corresponding Virasoro algebra. 

The substitution ^(z|0,l,oo) = z~ 2b -(z - iy 2b +u(z) where b± = \(25 + 1) - ^ 
allows us to rewrite (§) in the form of (0) by setting 

9 - q 2 + 85q 2 - 165 2 q 2 



A 1 = 
A 2 = 

A(12) 



24(1 + 25)q 2 
9 - 18g + 5q 2 + 325q 2 - QA5 2 q 2 



1 



25 + 1 



96(1 + 2% 2 

9 9 5 
8f ~ 8q + 2 



(9) 



10 r2 1 

— <r + - 

3 3 



For q = 3 we always have Ai = A 2 and one of possible solutions (corresponding to 

1 . . 5 . 1 



c = -2) gives us 5 = --, Ax = A 2 = - — , A (12) 

o I Z 
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2 Structure of Target Space of Braid Group B3 and 
Random Walk on B3 



The braid group B n of n strings has n— 1 generators {<7i, 02, . . . , cr n -i} with the following 
relations: 

OiOi+xOi = cr i+1 aicr i+ i (1 < i < n - 1) 

(Tj^ = (Tj-o-j (|z -j| > 2) (10) 

= a^Vj = e 

Let us mention that the length of the braid is the total number of used letters, while the 
minimal irreducible length herafter referred to as the "primitive word" is the shortest 
noncontractible length of a particular braid which remains after applying all possible 
group relations (fLOf). Any braid corresponds to some knot or link. Hence, it is feasible 
to use the braid group representation for the construction of topological invariants of 
knots and links. However the correspondence between braids and knots is not one-to- 
one and each knot or link can be represented by infinite numbers of different braids. 

The (right-hand) random walk (the random word) on the group B n with a uniform 
distribution over generators {ci, . . . , <x„_i, erf , ... , (Tn-i} means that with the probabil- 
ity 2^32 we ac ^ the element a aN or to the given word of N — 1 generators (letters) 
from the right-hand side. The most attention should be paid to the question: what is 
the probability P(n, N) to find the /x-letter primitive word in the iV-letter random word 
in the group B n . In [0] it is conjectured that P(/i, N) obeys the following asymptotics 

P ^ N ^J^~2 ^ + h ^ ~ ^) ("J 

where a(n), b(n), c(n) are numerical constants depending on n only. 

The group B3 can be represented by PGL(2, R)-matrices. To be more specific, the 
braid generators o\ and 02 in the Burau representation [0] read 

^0- t ) <i2) 

where t is the "spectral parameter". For t = — 1 the matrices a\ and o<i generate 
P5L(2,Z) such that B 3 is its central extention. 

We define d\ = a±, cr 2 = 02 (at t = — 1) and rewrite the generators of the mod- 
ular group P5X(2,Z) in the canonical form using the matrices S, T (compare to (§)). 
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Figure 1: The graph corresponding to the structure of: (a) the modular group PSX(2,Z) (i.e. 
the Hecke group with q = 3) and (b) the Hecke group with q = 4. 

The braiding relation ai^&i = OiO\&i in the {S, T}-representation takes the form 

S 2 TS -2 T -l = 1 ( we algo haye gA = ( ST )3 = 

The group PSX(2,Z) is a discrete subgroup of PSX(2,R). The fundamental do- 
main of PSX(2,Z) is a circular triangle with angles jo, |, -} located in 7i. The group 
PSX(2,Z) is completely defined by its basic substitutions: (i) S : £ — ► — (ii) 
T : £—►£+!.. Let us choose an arbitrary element (q from the fundamental domain 
and construct a graph, C(T) connecting the neighboring images of the initial element £o 
obtained under successive action of the generators from the set {S, T, T -1 }. The 
graph C(T) is shown in the Fig.|I|a. It will be seen that although this graph has the local 
cycles, its "backbone" has a Cayley tree ("free group") structure. Thus, the problem of 
limit distribution of a random walks on the modular group can be related to the problem 
of random walks on the graph C(T). Hence, we immediately can compute the probabil- 
ity P(p,N) that the iV-step random walk along the graph C(T) which starts from the 
origin ends in some vertex of the cell at the distance of fi steps along the backbone. This 
distribution has the form of Eq. ([□]). 

Now we can construct the "target space" of the braid group B 3 . Introduce the 
normalized generators of the group P3: ||cri|| = t(£); II02II = T ~ l {t) s {t) T where 
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II "!^)!! = (detai) 1 o"i and ||er2(£)|| = (detcr 2 ) 1 c r 2- By r(t) and s(t) we denote the 
generators of the " t-deformed" group PSL t (2,X). The group PSL t (2,X) keeps invariable 
the relations of PSL(2,Z), namely, we have (r(t)s(t)) 3 = s 4 (t) = r(t)s 2 (t)r~ 1 (t)s~ 2 (t) = 
1. Hence, we ultimately come to the conclusion that the graphs C(T t ) (for PSL t (2,~Z)) 
and C(r) are topologically equivalent. However the metric properties of C(T t ) and C(r) 
are different because of different embeddings of PSL t (2,Z.) and PSX(2,Z) into the upper 
half-plane. The additional benefit of this construction is that we can represent the graph 
of B3 on the graph C(T) if we supply in each center of the cell the "magnetic pole" with 
the quantity of the flux equal to t 6 . Fig.|l|b represents the graph corresponding to Hecke 
group with q = 4. 

To combine the monodromy representation of the Hecke group H(h) with the topo- 
logical properties of knots on the basis of braid group representation, consider the space 
of functions V = {fij} where 



f ij (x 1 ,x 2 ,...,x n ) = / (z-xi) ^...(z-x n ) ^dz (13) 

JXi 

fii, n n are the complex numbers and path integration is selected in the space 
CP X \ {x 1 , . . . , x n }. The group B n acts on if = fij but the group of colored braids 
C n acts on the general linear span of the multivalued functions {fij ■ < i < j < n — 1}. 

In particular case of n = 3 we study the integral 

u = J z-^(z-l)-^ 2 (z-x)~^dz 

Due to the classical result of H.A. Schwarz [13] we deduce that for any set of points 
x ii x 2 ^ {0, 1, oo, x} the integral / u> is the multivalued function of x satysfying the 

J Xl 

general hypergeometric equation 

z(z - l)u"(z) + {(a + (3 + l)z - i)v!{z) + a(3u(z) = 

where a, (3, 7 are arbitrary real constants related to fii. The analysis of this equation 
shows that the set of all monodromies arising by moving one puncture (2, for instance) 
around other ones (0, 1, 00) generates the monodromy group C^iCP 1 ) on V . This group 
is discrete for some special constraint on exponents {fii} only (see |13|). Denote these 
monodromies by A(x|0), A(x|l), A(x\oo) = L4(x|0)A(x|l)] -1 (compare to (||)). 

Let us briefly discuss the procedure of constructing the invariants of knots generated 
by the representations of C4. In the Jones' theory of polynomial invariants it has been 
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pointed out the remarkable connection between representations of Ili-factors and knot 
invariants [15]. In particular it was proved that if the index value of factor llx is less 
than 4, there exists an integer q > 3 with index value r = 4 cos 2 ^. The Ili-factor is 
hyperfinite. 

To each element of the group C^CP 1 ) we associate the word W represented by the 
monodromy matrices g\ and g^. Any braid (a) generates some knot and (b) completely 
determines the monodromy matrix = Y^LiQa^ where g ai = {gi, g?, gf 1 , g^ 1 } 

(i = 1, 2, . . . , N) and N is the total number generators used in the word W. Thus, tracing 
of Af( N ^ gives the invariant of a knot. Using the classification of discrete subgroups of 
the PSL(2, R) with two generators [|l4j] (which includes also the Hecke and other triangle 
groups) we can expand our construction to the general case. 



Concluding Remarks 

1. Comparing the target spaces of the modular (PSX(2,Z)) and free (T 2 ) groups we see 
that the branching f e g of the graph (i.e. the effective "curvature" of the corresponding 
hyperbolic space, in which the graph could be embedded) varies for different q. In 
particular, f e g is changing from / e g = 3 for PSL(2,Z) to / e g = 4 for T 2 . 

2. Let us stress the that the index value r of Ili-type factors, is equal to h 2 where 
h is the Hecke group parameter. Thus, the braids connected with the representations 
of Ilx-type factors can be realized as monodromies of Hecke groups and corresponding 
knot invariants could be produced by tracing of monodromy matrices. 

3. Topological properties of knots generated by C^-group and its monodromy rep- 
resentations are related to each other by the following construction. Take the manifold 
H/T and consider its compactification H/T. The genus of H/Y can be computed using 
the Hurwitz's formula. Each closed path 7 on H/T coresponds to some closed B 3 - or 
C*4-braid. The path can be expanded through the (non-trivial) conjugacy classes of T 
which in turn determine the group C^CP 1 ) due to the uniqueness of the monodromy 
representation. 

In each conjugacy class of the group T lies the shortest closed path (geodesies). Since 
the length of geodesies are completely determined by the spectrum of the Laplacian A 
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(by the "partition function") on the corresponding Riemann surface, the connection 
between the knot invariants and the partition function of A should exist. The natural 
formula, linking the spectral properties of the Laplacian on H/Y with the conjugacy 
classes (of hyperbolic, elliptic and parabolic types) of Y is the Selberg trace formula. 
Hence, we claim it is possible to express the invariants of knots represented by B 3 - 
C 4 -braids via Selberg trace formula. More details will be discussed in the forthcomming 
publication. 
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